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We show set of transformations which allow to obtain analytic solutions in several quantum-optical
problems. We start with the ion-laser (time dependent) interaction, continue with the problem of
a slow atom interacting with a quantized field to end with a master equation that describes losses.
In all cases it is shown that one may find useful transformations that simplify the problems.
I. INTRODUCTION
The purpose of this contribution is to show some transformations that simplify Hamiltonians such that they may
be treated in an analytic form. We will study various problems, starting with the ion-laser interaction, where we have
shown that there exists a time dependent transformation that linearizes the Hamiltonian with no approximations [1].
We follow with the interaction of a slow atom with a quantized field, the main result of the paper. In this case the
atom is affected by the mode shape of the field [2] and we show that the interaction may be simplified as we pass
from a three-body system to a two-body effective interaction, again with no approximations. Finally we analyze the
case of the master equation (ME) that describes losses for an anharmonic oscillator [3], one can transform such a ME
to obtain a simpler equation where all the superoperators commute, allowing its simple integration [4].
II. ION-LASER INTERACTION
We consider the Hamiltonian of a single ion (with unity mass trapped in a harmonic potential in interaction with
laser light in the (optical) rotating wave approximation [5])
Hˆ =
1
2
[
pˆ2 + ν2(t)xˆ2
]
+ ~ω21Aˆ22 + ~λ(t)[E
(−)(xˆ, t)Aˆ12 +H.c.], (1)
Aˆab are the operators relating the different electronic transitions (two-level) flip operator for the |b〉 → |a〉 transition
of frequency ω21, respectively. ν(t) is the trap (time dependent) frequency, λ the electronic coupling matrix element,
and E(−)(xˆ, t) the negative part of the classical electric field of the driving field. The operators xˆ and pˆ are the
position and momentum of the centre of mass of the ion. We assume the ion driven by a laser field E(−)(xˆ, t)
E(−)(xˆ, t) = E0e−i(kxˆ−ωt). (2)
We want to solve the Schro¨dinger equation
i~
∂|ξ(t)〉
∂t
= Hˆ |ξ(t)〉, (3)
in order to do this, we make the transformation |φ〉 = Tˆ (t)|ξ〉, with [6]
Tˆ (t) = ei
ln{ρ(t)√ν0}
2~ (xˆpˆ+pˆxˆ)e−i
ρ˙(t)
2~ρ(t)
xˆ2 (4)
with ρ(t) a function that obeys the Ermakov equation
ρ¨+ ν2(t)ρ =
1
ρ3
. (5)
such that we obtain the equation for |φ〉
i~
∂|φ(t)〉
∂t
= Hˆ|φ(t)〉, (6)
2with the transformed Hamiltonian given by
Hˆ = 1
2ν0ρ2
(
pˆ2 + ν20 xˆ
2
)
+ ~ω21Aˆ22 + ~Ω(t)[e
−i(kxˆρ(t)√ν0−ωt)Aˆ12 +H.c.], (7)
with Ω = λE0. We consider that ω21 = ω + δ where δ is the so-called detuning. We transform to a frame rotating at
ω by means of the transformation Tˆω = e
−iωtAˆ22 to obtain the Hamiltonian Hˆω = TˆωHˆTˆ †ω (|φ〉 → |φω〉)
Hˆω = ~ω˜(t)
(
nˆ+
1
2
)
+ ~δAˆ22 + ~Ω(t)[e
−i(aˆ+aˆ†)η(t)Aˆ12 +H.c.]. (8)
where nˆ = aˆ†aˆ with
aˆ =
√
ν0
2~
xˆ+ i
pˆ√
2~ν0
, aˆ† =
√
ν0
2~
xˆ− i pˆ√
2~ν0
(9)
the annihilation and creation operators respectively. ω˜(t) = 1/ρ2 is the characteristic frequency of the time dependent
harmonic oscillator. The time dependent Lamb-Dicke parameter is written as η(t) = η0ρ(t)
√
ν0 with η0 = k
√
~
2ν0
,
where k is the magnitude of the wave vector of the driving field.
We will consider now the resonant interaction (δ = 0). Passing to a frame rotating at the frequency ω˜(t) we may
get rid off the harmonic oscillator term in (8) to end up with the (time dependent) interaction Hamiltonian
Hˆ(t) = ~Ω(t)[e−i(aˆe−i
R
ω˜(t′)dt′+aˆ†ei
R
ω˜(t′)dt′ )η(t)Aˆ12 +H.c.]. (10)
A. Linearizing the system
Finally we make the transformation |ψ〉 = Rˆ(t)|φ〉 with (see [7] for the time independent case)
Rˆ(t) = e
pi
4 (Aˆ21−Aˆ12)e−i
η(t)
2 (aˆ+aˆ
†)(Aˆ22−Aˆ11) (11)
to obtain
i~
∂|ψ〉
∂t
= ~
{
ω˜(t)nˆ+Ω(Aˆ22 − Aˆ11) +
(
δ
2
+ i[aˆβ(t) − aˆ†β∗(t)]
)
(Aˆ12 + Aˆ21)
}
|ψ〉, (12)
with β(t) = η(t)ω˜2 − iη˙(t)/2 and we have disregarded the term ω˜/2 as it would add an overall phase. A method to
solve JC-like interactions with time dependent parameters has been published by Shen et al. [8].
B. Many ions
We generalize the transformation that allows to linearize the ion-laser Hamiltonian [7] in an exact form for two
different interactions, namely, for the case of many ions in interaction with laser fields [9], and for an ion vibrating in
two dimensions interacting with a laser field. This linearization has been shown to be important for instance in the
implementation of fast gates in ion-laser interactions [10]. This is possible, as more regimes may be studied with such
a linearization: high intensity, low intensity and middle intensity regimes.
In particular we will show that in the case of many ions, the transformation produces a term which correspond to
a dipole-dipole interaction.
Ions in a linear trap interacting with a laser field may be described by the Hamiltonian [9]
HM = νa
†a+
δ
2
∑
j
σzj +
∑
j
Ωj(σ+je
iηj(a
†+a) +H.c.) (13)
where ν is the frequency of the vibration, a† and a are the creation and annihilation operators of the quantized
oscillator, δ is the detuning between the transition frequency of the internal states of the ion, ωeg, and the laser
frequency ωL, and Ωi is the resonant Rabi frequency of the i’th ion in the laser field. The exponentials account for
the position dependence laser-field and the recoil of the ions upon absorption of a photon. The positions of the ions xi
3are replaced by ladder operators kxi = ηi(a
† + a), where the Lamb-Dicke parameter ηi represents the ration between
the ionic excursions within the vibrational ground state wavefunction and the wavelenght of the exciting radiation.
We can linearize the Hamiltonian (13) via the transformation [7]
TM =
∏
j
e
pi
4 (σ+j−σ−j)e−iηjσzj(a
†+a)/2 (14)
which gives the Hamiltonian
HM = THT †
= νa†a− δ
2
∑
j
σxj +
∑
j
Ωjσzj + i
∑
j
ηjν(a− a†)
2
σxj +
∑
j,k
ηjηk
4
σxjσxk (15)
Here σxj = σ+j+σ−j . Note that the transformation, besides linearizing the Hamiltonian, produces an ion-ion (dipole)
interaction.
C. Two-dimensional vibration
An ion vibrating in two-dimensions has the Hamiltonian
H2d = νxa
†
xax + νya
†
yay +
δ
2
σz +Ω(σ+e
iηx(a
†
x+ax)eiηy(a
†
y+ay) +H.c.) (16)
with the transformation
T2d = e
pi
4 (σ+−σ−)e−i[ηx(a
†
x+ax)+ηy(a
†
y+ay)]σz/2 (17)
we can cast the Hamiltonian (16) into the linearized Hamiltonian
H2d = νxa†xax + νya†yay −
δ
2
σx +Ωσx +
iν
2
σx[ηx(ax − a†x) + ηy(ay − a†y)] (18)
where we have disregarded a constant term. The Hamiltonian above looks like a two-mode quantized-field-atom
interaction.
III. SLOW ATOM INTERACTING WITH A QUANTIZED FIELD
Here we show how a three body problem may be reduced to a two body problem via a transformation, we treat
the problem of a slow atom interacting with a quantized field. Because the slowness of the atom, the field mode-
shape affects the interaction. We can write down the Hamiltonian describing a single two-level atom passing an
electromagnetic field confined to a cavity. Inn addition to the Jaynes-Cummings Hamiltonian, we have to add the
energy of the free atom and the spatial variation it feels from the cavity, the Hamiltonian reads
H =
p2
2
+ ωnˆ+
ω0
2
σz + g(x)(aˆσ+ + aˆ
†σ−), (19)
on resonance, we can pass to the interaction picture Hamiltonian
HI =
p2
2
+ g(x)(aˆσ+ + aˆ
†σ−), (20)
we use the 2× 2 notation for the Pauli spin matrices and write the interaction Hamiltonian as (see [4])
HˆI =
p2
2
+ g(x)Tˆ †
(
0
√
nˆ+ 1√
nˆ+ 1 0
)
Tˆ (21)
where a non unitary transformation Tˆ has been used. We define Tˆ as
Tˆ =
(
1 0
0 Vˆ
)
(22)
4Note that Tˆ Tˆ † = 1 but Tˆ †Tˆ = 1− ρg,v with
ρg,v =
(
0 0
0 |0〉〈0|
)
(23)
We can use the definitions above to rewrite (19) as
HˆI = (Tˆ
†Tˆ + ρg,v)
p2
2
(Tˆ †Tˆ + ρg,v) + g(x)Tˆ †
(
0
√
nˆ+ 1√
nˆ+ 1 0
)
Tˆ (24)
By noting that Tˆ ρg,v = 0 we rewrite the above equation as
HˆI = Tˆ
† p
2
2
Tˆ +
p2
2
ρg,v + g(x)Tˆ
†
(
0
√
nˆ+ 1√
nˆ+ 1 0
)
Tˆ (25)
where we have used that ρ2g,v = ρg,v. Finally we factorize the transformation operators in the Hamiltonian above to
obtain
HˆI = Tˆ
†(
p2
2
+ g(x)σx
√
nˆ+ 1)Tˆ +
p2
2
ρg,v (26)
Note that [Tˆ †(p
2
2 + g(x)σx
√
nˆ+ 1)Tˆ , p
2
2 ρg,v] = 0 so that the evolution operator for the Hamiltonian above is given by
UˆI(t) = e
−iTˆ †( p22 +g(x)σx
√
nˆ+1)Tˆ te−i
p2
2 ρg,vt (27)
to obtain the first exponential we can do Taylor series, and we note that the powers of the argument are simply
[Tˆ †(
p2
2
+ g(x)σx
√
nˆ+ 1)Tˆ ]k = Tˆ †(
p2
2
+ g(x)σx
√
nˆ+ 1)kTˆ , k ≥ 1 (28)
such that
e−iTˆ
†( p
2
2 +g(x)σx
√
nˆ+1)Tˆ t = Tˆ †e−i(
p2
2 +g(x)σx
√
nˆ+1)tTˆ + ρg,v. (29)
Note that the evolution operator in (29) is effectively the interaction of two systems, as it is written in a form in
which the filed operators commute, unlike the Hamiltonian (19), where all the operator involved do not commute.
IV. MASTER EQUATIONS
Now we turn our attention to the superoperator solution of master equations for more quantum optical systems,
namely a dissipative cavity filed with a Kerr medium [3], master equation describing phase sensitive processes [11] and
parametric down conversion [12]. Usually these equations are solved by transforming them to Fokker-Planck equations
[13] which are partial differential equations for quasiprobability distribution functions typically the Glauber-Sudarshan
P -function and the Husimi Q-function. Another usual approach is to solve system-environment problems is through
the use of Langevin equations, this is stochastic differential equations that are equivalent to the Fokker-Planck equation
[14].
These approaches to the problem makes it usually difficult to apply the solutions to an arbitrary initial field in
contrast with the superoperator techniques where it is direct the application to an initial wave function. We have
used this feature in the former Section where we have exploited this fact to obtain reconstruction mechanisms that
allowed us to obtain information on the state of the quantized electromagnetic field via quasiprobability distribution
functions.
A. Kerr medium
Before applying superoperator methods in the solution of the above equation, let us show how it may be casted
into a Fokker-Planck equation. In order to do this one writes the de
5P -function, ρˆ = 1/pi
∫
P (α)|α〉〈α|d2α. Noting that the creation and annihilation operators have the following relations
with the coherent state density matrix [15]
aˆ†|α〉〈α| =
(
∂
∂α
+ α∗
)
|α〉〈α|, (30)
|α〉〈α|aˆ =
(
∂
∂α∗
+ α
)
|α〉〈α|, (31)
we can obtain the following correspondence
aˆρˆ→ αP (α), aˆ†ρˆ→
(
α∗ − ∂
∂α
)
P (α), (32)
and
ρˆaˆ† → α∗P (α), ρˆaˆ→
(
α− ∂
∂α∗
)
P (α). (33)
In this form, whenever a creation or annihilation operator occurs in the master equation, we can translate this into a
corresponding operation on the Glauber-Sudarshan P -function. The equation that results is a Fokker-Planck equation
[13]
∂P (α, t)
∂t
=
[
γ
(
∂
∂α
α+
∂
∂α∗
α∗
)
+ 2γn¯
∂2
∂α∂α∗
]
P (α, t). (34)
This equation is equivalent to the stochastic differential equation [14]
dα
dt
= γα+
√
2γn¯ξ(t), (35)
and the corresponding complex conjugate equation. The quantity ξ(t) is a white noise fluctuating force with the
following correlation properties
〈ξ(t)〉 = 0, 〈ξ(t)ξ∗(t)〉 = δ(t− t′) 〈ξ(t)ξ(t)〉 = 〈ξ∗(t)ξ∗(t)〉 = 0 (36)
Equation (35) is usually called a Langevin equation, and also as the ”Stratonovich form” of the Fokker-Plank equation
(see for instance [16, 17]). The Fokker-Planck equation can be also obtained from the Kramers-Moyal [18, 19]
expansion, a Langevin equation that does not stop after second order derivatives (see for instance [20]). The master
equation for a Kerr medium in the Markov approximation and interaction picture has the form [3]
dρˆ
dt
= −iχ[nˆ2, ρˆ] + 2γaˆρˆaˆ† − γaˆ†aˆρˆ− γρˆaˆ†aˆ. (37)
Milburn and Holmes [3] solved this equation by changing it to a partial differential equation for the Q-function and
for an initial coherent state. We can have a different approach to the solution by again using superoperators. If we
define
Yˆ ρˆ = −iχ[nˆ2, ρˆ] (38)
we rewrite (37) as
dρˆ
dt
= (Yˆ + Jˆ + Lˆ)ρˆ, (39)
where the superoperators Jˆ and Lˆ are defined as
Jˆ ρˆ = 2γaˆρˆaˆ†, Lˆρˆ = −γaˆ†aˆρˆ− γρˆaˆ†aˆ. (40)
Now we use the transformation
ˆ˜ρ = exp[(Yˆ + Lˆ)t]ρˆ (41)
6to obtain
d ˆ˜ρ
dt
= exp[−iχRˆt− 2γt]Jˆ ˆ˜ρ, (42)
with
Rˆ ˆ˜ρ = 2(nˆ ˆ˜ρ− ˆ˜ρnˆ). (43)
In arriving to equation (42) we have used the formula eyAˆBˆe−yAˆ = Bˆ+y[Aˆ, Bˆ]+y2/2![Aˆ, [Aˆ, Bˆ]]+. . . for y a parameter
and Aˆ and Bˆ operators. We have also used the commutation relation
[Yˆ , Jˆ ]ρˆ = 2iχRˆJˆ ρˆ. (44)
Now it is easy to show that Rˆ and Jˆ commute, so that we can finally find the solution to equation (37) as
ρˆ(t) = eYˆ teLˆt exp[e
−iχRˆt−2γt−1
−iχRˆ−2γ Jˆ ]ρˆ(0). (45)
Note that the above solution may be applied easily to any initial density matrix:
ρˆ(t) =
∞∑
k,n,m=0
ρˆn+k,m+k(0)e
−iχt(n2−m2)−γt(n+m)
√
(n+ k)!(m+ k)!
n!m!
[
1− e−2iχt(n−m)−2γt
2iχ(n−m) + 2γ
]k
(2γ)k
k!
|n〉〈n|, (46)
where ρˆn,m(0) are the (Fock) matrix elements of the initial density matrix.
V. CONCLUSIONS
We have shown the importance of looking for transformations that simplify Hamiltonians before trying to solve a
given system. In particular, we have shown how a 3-body system can be reduced to a 2-body system, in the case of a
slow atom interacting with a quantized field. We have given the most complete solutions for the ion-laser interaction
in several cases: time dependent case, several ions, ions vibrating in two dimensions.
[1] J.M. Vargas-Mart´ınez and H. Moya-Cessa, J. of Optics B 6, S618 (2004).
[2] J. Larson and S. Stenholm, Phys. Rev. A 73, 033805 (2006).
[3] G. J. Milburn and C. A. Holmes, Phys. Rev. Lett. 56, 2237 (1986)
[4] H. Moya-Cessa, Phys. Rep. 432, 1 (2006).
[5] R.L. de Matos Filho and W. Vogel, Phys. Rev. Lett. 76, 608 (1996); R.L. de Matos Filho and W. Vogel, Phys. Rev. A
54, 4560 (1996); H. Moya-Cessa, S. Wallentowitz, and W. Vogel, Phys. Rev. A 59, 2920 (1999); H. Moya-Cessa and P.
Tombesi, Phys. Rev. A 61, 025401(2000).
[6] M. Ferna´ndez Guasti and H. Moya-Cessa, J. of Phys. A 36, 2069 (2003); H. Moya-Cessa and M. Ferna´ndez Guasti, Phys.
Lett. A 311, 1 (2003).
[7] H. Moya-Cessa, A. Vidiella-Barranco, J.A. Roversi, S.D. Freitas and S.M. Dutra, Phys. Rev. A 59, 2518 (1999); H.
Moya-Cessa, D. Jonathan and P.L. Knight, J. of Mod. Optics 50, 265 (2003).
[8] J. Q. Shen, H.Y. Zhu P. and Chen, Eur. Phys. J. D 23 305 (2003).
[9] A. Sorensen and K. Molmer, Phys. Rev. A 62, 022311 (2000).
[10] D. Jonathan, M.B. Plenio and P.L. Knight, Phys. Rev. A 62, 042307 (2000).
[11] M.O. Scully, M.S. Zubairy, Quantum Optics, (Cambridge University Press, New York, NY, 1997).
[12] D.F.Walls, G.J. Milburn,Quantum Optics (Springer, New York, 1994).
[13] H. Risken, The Fokker-Planck Equation: Methods of Solutions and Applications, (Springer, Berlin, 1984).
[14] C.W. Gardiner, Handbook of Stochastic Methods, 2nd ed., (Springer, Heidelberg, 1990).
[15] W.H. Louisell, Quantum Statistical Properties of Radiation, (Wiley, NewYork, 1973).
[16] R.L. Stratonovich, Introduction to the Theory of Quantum Noise, (Gordon and Breach, NewYork, London, 1963).
[17] S.M. Dutra, Cavity Quantum Electrodynamics, (Wiley-Interscience, New York, 2005).
[18] H.A. Kramers, Physica 7 284 (1940).
[19] J.E. Moyal, J.R. Stat. Soc. 11 151 (1949).
[20] R.R. Puri, Mathematical Methods of Quantum Optics, (Springer, Berlin, 2001).
